Abstract. Any pentagonal quasigroup Q is proved to have the product xy = ϕ(x) + y − ϕ(y), where (Q, +) is an Abelian group, ϕ is its regular automorphism satisfying ϕ 4 −ϕ 3 +ϕ 2 −ϕ+ε = 0 and ε is the identity mapping. All Abelian groups of order n < 100 inducing pentagonal quasigroups are determined. The variety of commutative, idempotent, medial groupoids satisfying the pentagonal identity (xy · x)y · x = y is proved to be the variety of commutative, pentagonal quasigroups, whose spectrum is {11 n : n = 0, 1, 2, . . .}. We prove that the only translatable commutative pentagonal quasigroup is xy = (6x + 6y)(mod 11). The parastrophes of a pentagonal quasigroup are classified according to well-known types of idempotent translatable quasigroups.
Introduction
This paper was inspired by the work of Vidak in [9] . It is also a continuation of the ideas appearing in [4] . All results here follow from the main result, Theorem 2.1, which gives a new characterisation of a pentagonal quasigroup (Q, ·) in terms of a regular automorphism ϕ on an Abelian group (Q, +), where xy = ϕ(x) + y − ϕ(y), ϕ 4 − ϕ 3 + ϕ 2 − ϕ + ε = 0 and ε is the identity mapping on Q. We say then that (Q, +) induces the pentagonal quasigroup (Q, ·).
Notice that xy = (ε−ϕ)(y)+x−(ε−ϕ)(x). The characterisation of a pentagonal quasigroup (Q, ·) given by Vidak in [9] is that xy = ψ(y) + x − ψ(x) for some automorphism ψ on an Abelian group (Q, +), where ψ 4 − 3ψ 3 + 4ψ 2 − 2ψ + ε = 0. Now since, when ϕ 4 −ϕ 3 +ϕ 2 −ϕ+ε = 0, (ε−ϕ) 4 −3(ε−ϕ) 3 +4(ε−ϕ) 2 −2(ε−ϕ)+ε = 0, we can think of ψ as equal to ε − ϕ.
In Theorem 3.3 we prove that a pentagonal quasigroup induced by the group Z n has the form xy = (ax + (1 − a)y)(mod n), where (a 4 − a 3 + a 2 − a + 1) = 0(mod n). Vidak's identity gives the second component, namely ψ(x) = (1 − a)x(mod n).
As a consequence of our characterisation, all Abelian groups of order n < 100 that induce pentagonal quasigroups are determined. Also, the variety of commutative, idempotent, medial groupoids satisfying the pentagonal identity (xy · x)y · x = y is proved in Corollary 3.10 to be the variety of commutative, pentagonal quasigroups, whose spectrum is {11 n : n = 0, 1, 2, . . .}. The form of commutative pentagonal quasigroups is determined in Proposition 3.9 and as a corollary we prove that the only translatable commutative pentagonal quasigroup is xy = (6x + 6y)(mod 11). In Theorem 4.2 we prove that the translatability of a pentagonal quasigroup induced by the group Z n and its automorphism ϕ(x) = ax determines the value of a and all the possible values of n.
Using results from [5] in the last table we classify the parastrophes of pentagonal quasigroups in terms of well-known types of idempotent translatable quasigroups.
Existence of pentagonal quasigroups
All considered quasigroups are finite and have form Q = {1, 2, . . . , n} with the natural ordering, which is always possible by renumeration of elements. For simplicity, instead of (x + y) ≡ z(mod n) we write [x + y] n = [z] n . Also, in calculations modulo n we identify 0 with n.
According to [9] a quasigroup (Q, ·) is called pentagonal if it satisfies the following three identities:
(xy · x)y · x = y.
Let's recall that a mapping ϕ of a group (Q, +) onto (Q, +) is called regular if ϕ(x) = x holds only for x = 0.
Below we present a full characterization of pentagonal quasigroups.
Theorem 2.1. A groupoid (Q, ·) is a pentagonal quasigroup if and only if on Q one can define an Abelian group (Q, +) and its regular automorphism ϕ such that
where ε is the identity automorphism.
Proof. By the Toyoda theorem (see for example [8] ), any quasigroup (Q, ·) satisfying (1) and (2) can be presented in the form (4), where (Q, +) is an Abelian group and ϕ is its automorphism. Applying this fact to (3) and putting y = 0 we obtain (5). From (5) it follows that the automorphism ϕ is regular. Conversely, a groupoid (Q, ·) defined by (4), where ϕ is an automorphism of an Abelian group (Q, +), is a quasigroup satisfying (1) and (2) . Applying (5) to z = x − y and using (4), after simple calculations, we obtain (3).
This means that pentagonal quasigroups are isotopic to the group inducing them. Thus, pentagonal quasigroups are isotopic if and only if they are induced by isomorphic groups. Example 2.2. Let (C, +) be the additive group of complex numbers. Then ϕ(z) = ze π 5 i is a regular automorphism of (C, +) satisfying (5). Thus, by Theorem 2.1, the set of complex numbers with multiplication defined by (4) is an infinite pentagonal quasigroup.
As a consequence of the above theorem we obtain Corollary 2.3. On a pentagonal quasigroup (Q, ·) one can define an Abelian group (Q, +) and its regular automorphism ϕ such that (4) holds and where ε is the identity automorphism.
Corollary 2.4. An Abelian group inducing a pentagonal quasigroup is the direct product of cyclic groups of order 5 or has a regular automorphism of order 10.
The converse statement is not true. The automorphism ϕ(x) = [4x] 25 of the group Z 25 is regular and satisfies the above condition, but Z 25 with the multiplication x · y = [4x + 22y] 25 is not a pentagonal quasigroup.
The following lemma is obvious.
Lemma 2.5. The direct product of pentagonal quasigroups is also a pentagonal quasigroup.
Corollary 2.6. For every t there is a pentagonal quasigroup of order 5 t .
Proof. For t = 0 it is trivial quasigroup. For t = 1 it is induced by the additive group Z 5 and has the form x · y = [4x + 2y] 5 . For t > 1 it is the direct product of t copies of the last quasigroup.
Proposition 2.7. If finite Abelian groups G 1 and G 2 have relatively prime orders, then any pentagonal quasigroup induced by the group G 1 × G 2 is the direct product of pentagonal quasigroups induced by groups G 1 and G 2 .
Proof. If G 1 and G 2 have relatively prime orders, then, accordind to Lemma 2.1 in [6] ,
can be treated as an automorphism of the form ϕ = (ϕ 1 , ϕ 2 ), where ϕ 1 , ϕ 2 are automorphisms of G 1 and G 2 , respectively. Obviously, ϕ is regular if and only if ϕ 1 and ϕ 2 are regular. Moreover, ϕ satisfies (5) if and only if ϕ 1 and ϕ 2 satisfy (5). Thus, a pentagonal quasigroup induced by G 1 × G 2 is the direct product of pentagonal quasigroups induced by G 1 and G 2 .
To determine Abelian groups that induce pentagonal quasigroups we will need the following theorem proved in [6] .
Construction of pentagonal quasigroups
We start with the characterization of pentagonal quasigroups induced by Z n .
Theorem 3.1. A groupoid (Q, ·) of order n > 2 is a pentagonal quasigroup induced by the group Z n if and only if there exist 1 < a < n such that (a, n) = (a−1, n) = 1,
Proof. Automorphisms of the group Z n have the form ϕ(x) = ax, where (a, n) = 1.
Since ε − ϕ also is an automorphism, (a − 1, n) = 1. Moreover, the equation
means that the automorphism ϕ(x) = ax is regular. Theorem 2.1 completes the proof. 
Proof. If ϕ and (Q, +) are as in the assumption, then, by Theorem 2.1, (Q, ·) with the operation x · y = ϕ(x − y) + y is a pentagonal quasigroup. From Vidak's results presented in [9] it follows that also (Q, * ), (Q, •) and (Q, ⋄), where x * y = y·(yx·x)x, x • y = (yx · y)x and x ⋄ y = (xy·)y, are pentagonal quasigroups. Applying (4) and (5) to these operations we obtain our thesis.
Theorem 3.3. A pentagonal quasigroup induced by the group Z n has one of the following forms
where 1 < a < n − 1 satisfy (6) and (a, n) = (a − 1, n) = 1. When a = n − 1 there is only one pentagonal quasigroup. It is induced by Z 5 and has the form x · y = [4x + 2y] 5 .
Proof. Equation (6) has no more than four solutions, so Z n induces no more than four pentagonal quasigroups. Theorems 3.1 and 3.2 complete the proof for 1 < a < n − 1. The case a = n − 1 is obvious.
Note that for [a + 1] n = 0 the equation (6) implies [a 5 + 1] n = 0. Since it is valid also for a = −1 in a pentagonal quasigroup with x · y = [ax + (1 − a)y] n we have
Proposition 3.4. Let (Q, ·) be a pentagonal quasigroup induced by the group Z n , where n > 5. If m|n, then (Q, ·) contains a pentagonal subquasigroup of order m.
Proof. If m|n then the group Z n contains a subgroup isomorphic to Z m . Let
Proposition 3.5. If an Abelian group G inducing a pentagonal quasigroup has an element of order k > 1, then the number of such elements is greater than 3.
Proof. An automorphism preserves the order of elements of G. So, if only one x ∈ G has order k > 1, then ϕ(x) = x, which contradicts to the assumption on ϕ. If only two elements x = y have order k > 1, then ϕ(x) = y and ϕ 2 (x) = x. Using (5) we get 3x = 2y and 3y = 2x. Therefore, 2x = 3y = y + 3x, which implies that x = −y. But k(2x) = 2(kx) = 0. Also 2x = 0 or else x = −x = y, a contradiction. Thus, 2x has order k. Then 2x = x or 2x = y. The first case is impossible. In the second 2x = y = 3y implies 2y = 0, so y = −y = x, a contradiction. Therefore, G has at least three elements of order k.
If G has three distinct elements x, y, z of order
2 (x) = z, which is impossible. Thus, by Corollary 2.3, 0 = ϕ 5 (x) + x = z + x and 0 = ϕ(z) + ϕ(x) = x + y. So, x + z = x + y, a contradiction. Hence, G has more than three elements of order k > 1. Proof. In the first case, a group has one element of order 2; in the second -two elements of order 3; in third case -one or three elements of order 2. Theorem 3.7. A finite pentagonal quasigroup has order 5s or 5s + 1.
Proof. Suppose that a pentagonal quasigroup (Q, ·) is induced by the group (Q, +), where Q = {0, e 2 , e 3 , . . . , e n }. Each automorphism ψ of this group can be identified with a permutation ϕ of the set {e 2 , e 3 , . . . , e n }. Each such permutation is a cycle or can be decomposed into disjoint cycles. Since, by Corollary 2.3, ϕ 2 = ε or ϕ 10 = ε, a permutation ϕ can be decomposed into disjoint cycles of the length 2, 5 or 10. If ϕ contains a cycle of the length 2, then for some e i ∈ Q we have ϕ(e i ) = e j = e i and ϕ 2 (e i ) = e i . If e j = −e i , then by Corollary 2.3, −e i = ϕ 5 (e i ) = ϕ(e i ), a contradiction. Thus e j = −e i and consequently 5e i = 0, by (5) . So, in this case 5 is a divisor of n. Hence, if ϕ is decomposed into k cycles of the length 2, then (Q, +) has the order n = 2k + 1 = 5t. Since t must be odd, we see that in this case n = 10s + 5.
If ϕ contains a cycle of the length 5, then for some e i ∈ Q we have ϕ 5 (e i ) = e i and ϕ(e i ) = −e i . This, by Corollary 2.3, implies 2e i = 0. Thus, 2 is a divisor of n and n > 5. Moreover, each element of this cycle has order 2. Therefore, in the case when ϕ is decomposed into disjoint cycles of the length 5, the group (Q, +) has 5s + 1 elements and all non-zero elements have order 2. So, (Q, +) is the direct product of copies of Z 2 . Thus, n = 2 k = 5t + 1. So, t is odd and, as in the previous case, n = 10s + 6. If ϕ is decomposed into cycles of the length 10, then obviously n = 10s + 1. Now, if ϕ is decomposed into cycles of the length 2 and 5, then 10 divides n. Thus n = 10s. If ϕ is decomposed into p > 0 cycles of the length 2 and q > 0 cycles of the length 10, then n = 2p + 10q + 1 and 5 divides n. Hence n = 10s + 5. If ϕ is decomposed into p > 0 cycles of the length 5 and q > 0 cycles of the length 10, then n = 5p + 10q + 1 and 2 divides n. Hence n = 10s + 6. Finally, if ϕ is decomposed into p > 0 cycles of the length 2, q > 0 cycles of the length 5 and r cycles of the length 10, then n = 2p + 5q + 10r + 1 and 5 divides n. Hence n = 10s + 5. Proof. Indeed, by Theorem 3.7, Z 5 is the smallest group that can be used in the construction of a pentagonal quasigroup. In this group only a = 4 satisfies (6). Thus, the multiplication of this quasigroup is defined by x · y = [4x + 2y] 5 . Proposition 3.9. A groupoid (Q, ·) is a commutative pentagonal quasigroup if and only if there exists an abelian group (Q, +) of exponent 11 such that x · y = 6x + 6y for all x, y ∈ Q.
Proof. By Theorem 2.1 for a commutative pentagonal quasigroup there exists an abelian group (Q, +) and its automorphism ϕ such that ϕ = ε − ϕ. Thus ε = 2ϕ. This, by (5), gives ϕ(ϕ 3 − ϕ 2 + ϕ + ε) = 0. Therefore, ϕ(ϕ 2 − ϕ + 3ε) = 0, and consequently, ϕ 2 + 5ϕ = 0, so ϕ + 5ε = 0. Hence 11ϕ = 0. Thus 11x = 0 for each x ∈ Q. Moreover, from 11ϕ = 0 we obtain ϕ(x) = −10ϕ(x) = −5x = 6x and (ε − ϕ)(x) = x − 6x = −5x = 6x. So, exp(Q, +) = 11 and x · y = 6x + 6y for all x, y ∈ Q.
The converse statement is obvious.
Corollary 3.10. The variety of commutative, idempotent, medial groupoids satisfying the pentagonal identity is the variety of commutative, pentagonal quasigroups, whose spectrum is {11 n : n = 0, 1, 2, . . .}.
Proof. It follows from Proposition 3.9 that the spectrum of the variety of commutative pentagonal quasigroups is {11 n : n = 0, 1, 2, . . .}. So, we need only prove that a commutative, idempotent, medial groupoid (Q, ·) satisfying the pentagonal identity is a quasigroup. Let a, b ∈ Q. Then the pentagonal identity ensures that the equations xa = b and ax = b have a solution
Translatable pentagonal quasigroups
Recall a quasigroup (Q, ·), with Q = {1, 2, . . . , n} and 1 k < n, is k-translatable if its multiplication table is obtained by the following rule: If the first row of the multiplication table is a 1 , a 2 , . . . , a n , then the q-th row is obtained from the (q − 1)-st row by taking the last k entries in the (q − 1)−st row and inserting them as the first k entries of the q-th row and by taking the first n − k entries of the (q − 1)-st row and inserting them as the last n − k entries of the q-th row, where q ∈ {2, 3, . . . , n}. The multiplication in a k-translatable quasigroup is given by the formula i · j = [i + 1] n · [j + k] n = a k−ki+j n (cf. [3, 4] or [5] ). Moreover, Lemma 9.1 in [3] shows that a quasigroup of the form x · y = [ax + by] n is k translatable only for k such that [a + kb] n = 0. Thus, a pentagonal quasigroup induced by Z n can be k-translatable only for k ∈ {2, 3, . . . , n − 2}. , means that this quasigroup is k-translatable. Since k + nt = 1 − a(a 2 + 1) = −a 2 (a 2 + 1) and (a, n) = 1, each prime divisor of k and n is a divisor of a, which is impossible. So, (k, n) = 1. 
Proof. Suppose that (Q, ·) is a k-translatable pentagonal quasigroup of order n. By Theorem 4.2 of [5] and Lemma 9.1 of [3] it is of the form x · y = [ax + (1 − a)y] n and [a + (1 − a)k] n = 0, where 1 < a < n, (a, n) = (a − 1, n) = 1. Thus
By Theorem 4.1,
By (7), we also have
Therefore, using pentagonality and the above identities, we obtain
and in the consequence
which implies the second equation of (8).
The first equation follows from the fact that
Conversely, let (Q, ·) be a groupoid of order n > 1 with x · y = [ax + (1 − a)y] n , where n and a are as in (8) . Then (a, n) = (a − 1, n) = 1. Indeed, each a prime divisor p of a and n is a divisor of m − a = k 2 (k 2 − k + 3). If p|k, then, by (8), p|1, a contradiction. So, p|(k 2 − k + 3) and p/ | n, but then p|k(k 2 − k + 3) = 1 − a. This also is impossible. Hence (a, n) = 1. Similarly (a − 1, n) = 1. Thus 1 < a < n and, in the consequence, (Q, ·) is a quasigroup. Since [a + k(1 − a)] n = 0, by Lemma 9.1 from [3] , it is k-translatable. This implies (9) . Now, using (9) and (8), we obtain
That is,
Consequently,
Now, using the above identities, we obtain
which, by Theorem 3.3, shows that (Q, ·) is a pentagonal quasigroup. Proof. One k-translatable pentagonal quasigroup is defined by Theorem 4.2. In this quasigroup a and n are as in (8) . If m is a divisor of n and Let Z * 11 be the pentagonal quasigroup with the multiplication x·y = [6x+6y] 11 . By the above result, a finite commutative pentagonal quasigroup is the direct product of m copies of Z * 11 but for m > 1, as it is shown below, they are not translatable. Proof. Let (Q, ·) be a commutative pentagonal quasigroup. By definition, an infinite quasigroup cannot be translatable. So, (Q, ·) must be finite. By Proposition 3.9 its order is n = 11 m .
If m = 1, then, by Proposition 3.9, the multiplication of (Q, ·) has the form x · y = [6x + 6y] 11 . From the multiplication table of this quasigroup it follows that it is k-translatable for k = 10 = n − 1. So, for m = 1, our theorem is valid. Now let m > 1 and (Q, ·) be (n − 1)-translatable. According to Lemma 2.7 in [4] , we can assume that Q is ordered in the following way:
, where x
(1) = (1, 0, 0, . . . , 0). Then the multiplication table of (Q, ·) has the form
. a 2 , . . . , a m ). We will prove by induction that
The induction hypothesis is clearly true, by definition, for t = 1. Assume that the induction hypothesis is true for all s t. Then
Suppose that
. The last expression means that (6a 1 + 6(t − 1)a 1 − 6(t − 2), 6ta 2 , 6ta 3 , . . . , 6ta m ) = (6 + 6z
Hence 6z
Suppose that (G, ·) is a commutative pentagonal quasigroup and a, b are two distinct elements of G. Then it is straighforward to prove that a and b generate the subquasigroup a, b = {a, b, ab, aba, bab, aba·a, aba·b, bab·a, bab·b, (aba·a)b, (bab·b)a} and that a, b is isomorphic to Z * 11 . Then we take c ∈ a, b , if c exists.
Proof. From the multiplication table of Z Proof. Since (G, ·) is medial, ( a, b b, c )( a, b b, c ) ⊆ a, b b, c . Note that  a, b ⊆ a, b b ⊆ a, b b, c and b, c ⊆ b b, c ⊆ a, b b, c . Hence, the commutative pentagonal quasigroup H = a, b b, c ⊇ a, b ∪ {c} has more than 11 elements and less than or equal to 121 elements. Therefore, as we have already seen, H has 121 elements and is isomorphic to Z * 11 × Z * 11 . This completes the proof.
Corollary 4.7. Z * 11 × Z * 11 is generated by three distinct elements. If d ∈ a, b b, c , then ( a, b b, c ) b, d is a commutative pentagonal quasigroup of order 11 3 and is isomorphic to Z * 11 × Z * 11 × Z * 11 .
Corollary 4.10. Z * 11 × Z * 11 × Z * 11 is generated by four distinct elements.
Corollary 4.11. The direct product of n copies of Z * 11 is generated by n+1 distinct elements. The above table shows that from groups Z n for n < 24 only groups Z 5 and Z 11 determine pentagonal quasigroups. To determine other groups of order n < 100 inducing pentagonal quasigroups observe that from Corollary 2.3 and Theorem 3.7 it follows that an Abelian group inducing a pentagonal quasigroup is the direct product of several copies of the group Z 5 or has a regular automorphism ϕ = ε of order 10. Observe that from Proposition 2.7, Corollary 3.6, Theorem 3.7 and the table above the possible values of n < 100 are n ∈ {5, 11, 16, 25, 31, 40, 41, 45, 55, 56, 61, 71, 80, 81}.
Groups inducing pentagonal quasigroups
For n = 5 we have one pentagonal quasigroup, for n = 11 there are four such quasigroups (see the above table). For n = 16 we have five Abelian groups of order 16: Pentagonal quasigroups of order 41 can be calculated by solution of the equation (6) or (7). The solutions are a = 4, 23, 25, 31. So there are four such quasigroups.
For n = 45 there are two Abelian groups: Z 45 and Z 3 × Z 15 . The first group has two elements of order 3, so by Proposition 3.5 it cannot induce pentagonal quasigroups. The second group has four elements of order 5. The smallest is For n = 55 there exists only one Abelian group: Z 55 . Its automorphisms have form ϕ(x) = ax, where (a, 55) = 1. The automorphisms inducing pentagonal quasigrous should satisfy (7) . It is easily to see, that for k = 0, 1, 2, ..., 9 the last digit of k 5 is k. So, for a = mk the last digit of a 5 also is k. Since a 5 + 1 must be divided by 5, a = m4 or a = m9. The above table shows that the smallest possible value of a is 19. Because 44 is divided by 11, 44
5 + 1 cannot be divided by 11. Thus 44 should be omitted. Also 54 = (−1)(mod 55) should be omitted. By direct calculation we can see that from other a < 54 acceptable are 24, 29 and 39. Hence there are four pentagonal quasigroups of order 55. They are isomorphic to the direct product of pentagonal quasigroups induced by Z 5 and Z 11 .
From Abelian groups of order 56 groups Z 56 , Z 2 × Z 28 , Z 4 × Z 14 have one or three elements of order 2. Thus they cannot induce pentagonal quasigroups. The group Z 2 × Z 2 × Z 14 has six elements of order 7. In the same manner an in the case of groups of order 45 we can prove that this group cannot induce pentagonal quasigroups.
Pentagonal quasigroups of prime orders 61 and 71 can be calculated in the same way as for n = 41. Results are presented in the table below.
An Abelian group G of order 80 can be decomposed into the direct product of two groups H and Z 5 , where H is a group of order 16. From groups of order 16 only Z The group Z 81 has only two elements of order 2, so, by Proposition 3.5, this group cannot be inducing group for a pentagonal quasigroup. Theorem 2.8 shows that from other Abelian groups of order 81 only the group Z For n < 100 pentagonal quasigroups induced by Z n are as follows:
4x + 2y n = 11 2x + 10y 6x + 6y 7x + 5y 8x + 4y n = 31 15x + 17y 23x + 9y 27x + 5y 29x + 3y n = 41 4x + 38y 23x + 19y 25x + 17y 31x + 11y n = 55 19x + 37y 24x + 32y 29x + 27y 39x + 17y n = 61 3x + 59y 27x + 35y 41x + 21y 52x + 10y n = 71 14x + 58y 17x + 55y 46x + 26y 66x + 6y
6 Parastrophes of pentagonal quasigroups
Each quasigroup (Q, ·) determines five new quasigroups Q i = (Q, • i ) with the operations • i defined as follows:
Such defined (not necessarily distinct) quasigroups are called parastrophes or conjugates of Q.
Parastrophes of each quasigroup can be divided into separate classes containing isotopic parastrophes. The number of such classes is always 1, 2, 3 or 6 (cf. [1] ). In some cases (described in [7] ) parastrophes of a given quasigroup Q are pairwise equal. Parastrophes do not save properties of the initial quasigroup. Parastrophes of an idempotent quasigroup are idempotent quasigroups, but parastrophes of a pentagonal quasigroup are not pentagonal quasigroups, in general.
Let 
